We propose a simple model for superconductors endowed with two critical temperatures, corresponding to two second-order phase transitions, in the framework of the Ginzburg-Landau mean-field theory. For very large Cooper pair self-interaction, in addition to the standard condensation occurring in the Ginzburg-Landau theory, we find another phase transition at a lower temperature with a maximum difference of 15% between the two critical temperatures.
The Higgs mechanism [1, 2] , plays a basic role in the macroscopic theory of gapped BCS superconductors, or in the corresponding Ginzburg-Landau (GL) effective theory, where it accounts for the emergence of short-range electromagnetic interactions mediated by massive-like photons (responsible, for example, of the Meissner effect) [3] . The main role in the Higgs mechanism is played by a scalar field, a degree of freedom of which undergoes a ''condensation''. In this letter, we are going to see that the condensation of given degrees of freedom rather than other ones is not a consequence of a mere formal gauge choice, but can entail observable physical effects.
In GL theory, the dynamics of the Cooper pairs is ruled by a complex order parameter /, which can be interpreted as the wave function of the Cooper pair in its center-ofmass frame or, at the same time, as the Higgs field for the electromagnetic U(1) symmetry breaking. The lagrangian density describing the field / interacting with the electromagnetic field A l is given by
where F lm o l A m À o m A l accounts for the kinetic energy of the electromagnetic field, and D l = o l + 2ieA l is the covariant derivative for the Cooper pair with electric charge 2e. The potential energy U(/, / ) may be parameterized as
in terms of a coupling constant k describing the self-interaction of the Cooper pairs and of a constant value / 0 corresponding to the minimum of U (m 2 = À2kj/ 0 j 2 is the mass parameter of the theory).
Let us now study the small fluctuations of the scalar field around the minimum of the potential energy and expand the complex / as follows: where g and h are real fields. By inserting the parametrization (3) in the above Lagrangian, a Bose condensation of the field g takes place as a result of the spontaneous U(1) symmetry breaking. In this case, after the phase transition, the excitation of the field h becomes directly the longitudinal degree of freedom of the massive gauge field A l . Actually, after performing the gauge transformation of the electromagnetic potential A l ! A l + e À1 o l h, the Lagrangian reads as follows:
The Lagrangian L A is that typical of a photon with mass m
while L g describes a real scalar field g with a mass m
The phase field h has disappeared from our Lagrangian due to the previous gauge transformation.
From the above Lagrangian (it is sufficient to take only the quadratic terms in the fields) we can deduce the finite temperature effective potential and evaluate [4] the critical temperature T 1 by requiring that the potential has a minimum for nonzero values of the / VEV, obtaining:
For T > T 1 the minimum of the effective potential is at g 0 = 0 and no spontaneous symmetry breaking occurs. In this phase the condensate of the Cooper pairs can be described by a complex scalar field / with a negative mass parameter m 2 (therefore, the condensate shows a finite coherence length in the medium); while the infinite-range electromagnetic interactions are described by a massless photon field A l . Instead for T < T 1 the extremum at g 0 = 0 becomes a local maximum, while a minimum for the effective potential arises at g 0 5 0, and the passage of the system from one phase to the other at T = T 1 is a second-order phase transition. After the superconducting phase transition, one of the two degrees of freedom of the complex scalar field / (g in our case) accounts for the fluctuations of the condensate of Cooper pairs, while the other one (the phase h) has been ''eaten'' by the gauge field A l , become massive, and then describing finite-range electromagnetic interactions.
Taking a different representation of the scalar field / obviously does not affect the number of degrees of freedom, but can actually involve a slightly different broken symmetry scenario. At variance with Eq. (3), let us expand the complex scalar field / as
where / 1 , / 2 are two real scalar fields, and assume that the Bose condensation takes place in the field / 1 (or in / 2 ) rather than in g. Analogously to above we can insert the parametrization (5) in Lagrangian (1) obtaining this time the effective potential as a function of / 0 , / 1 , / 2 : as a consequence the critical temperature T 2 for this phase transition, calculated (for a generic Higgs field) in [2, 4] , results to be different from T 1
The reason for such a difference is made clear when expanding in h/g 0 the exponential in Eq. (3) and comparing with Eq. (5):
The degrees of freedom carried out by the real scalar fields / 1 , / 2 are different from those corresponding to g, h, and tend to coincide only in the limit g 0 ! 1. Actually, in Eq. (7) the higher orders in g À1 0 contribute at the denominator of the expression (4) as an additional k/3 term; that is, it arises an increased effective self-interaction of the Cooper pairs (k ! k eff = 4k/3).
Then we can see that, in general, two different superconducting phases can arise in a given GL system, characterized by slightly different critical temperatures T 2 , T 1 pointing at two second-order phase transitions. Such two phases correspond to different condensations of electrons in Cooper pairs which exhibit different self-interaction (ruled by the k coupling constant), and described in the GL theory by different scalar fields. The realization of one of the two regimes is ruled by the relative strength of the Cooper pair self-interaction with respect to the electromagnetic interaction. By measuring the relative strength through the parameter x = k/4e 2 , the ratio of the two critical temperatures can be written as follows:
the temperature T 1 (related to the representation in (3)) being the largest one. When the Cooper pair self-interaction is small compared to the electromagnetic interaction, k ( 4e 2 , the two critical temperatures almost coincide,
and, practically, we observe only one effective phase transition. On the other side, when k ) 4e 2 , the ratio of the two critical temperatures could be as large as ffiffiffiffiffiffiffi ffi 4=3 p ' 1:15,
so that a 15% effect may be expected in differentiating the two superconducting phases. In Fig. 1 , we have plotted the ratio T 1 /T 2 as a function of k/4e 2 . The intriguing feature is that both the two superconducting phases could be revealed in a single system, the effective measurability depending on the ratio k/4e 2 or, ultimately, on the particular medium considered. In fact, since the energy density scales as the fourth power of the temperature, it becomes energetically favorable for the system to pass from the phase with the higher critical temperature (T 1 ) to that with a lower one (T 2 ).
Let we stress that when considering the two limiting cases k ) 4e 2 and k ( 4e 2 , we do not refer to the transition between a strong-coupling BCS to a weak-coupling one. The two Cooper pair condensates we consider (described by the real order parameters / 1 , / 2 or g, h, respectively) differ, indeed, by their self-interaction with respect to the electromagnetic interaction: but, in any case, such a difference is quite small, and no transition from one regime (strongcoupling BCS) to the other (weak-coupling BCS) occurs. This may be also deduced from the fact that, to the best, the change in the critical temperature is at most of 15%.
In principle we are allowed to take the only quadratic terms in the field disregarding higher-order terms (this is truly correct only near a critical point), since the two critical temperatures do not differ very much. However, we have not made such an approximation: In our model there are two different critical temperatures, but the present quadratic approximation applies to two different fields representations, not overlapping, and a given gauge holds only near one of the two critical points. Near a critical temperature we study the system by means of two real fields whilst, near the other temperature, two different degrees of freedom describe correctly the same system. As above said, only for a infinite density medium, g 0 ! 1, such order parameters are physically equivalent.
Summing up, we can envisage the following scenario. By lowering the temperature in a GL superconductor, it undergoes a first phase transition at T = T 1 ; electrons condensate into Cooper pairs described by the field g, while the degrees of freedom related to h are ''absorbed'' in a massive gauge field A l describing finite-range electromagnetic interactions. With a further lowering of the temperature, different (but not additional) degrees of the freedom of the condensate are excited, described by the fields / 1 , / 2 , and another second-order phase transition takes place at T = T 2 < T 1 . This phase also exhibits superconducting state features, but the direct role of the phase field h played in the excitations of / 1 , / 2 (see Eq. (7)) may reveal the possible appearance of vortices. As is well known, in fact, such topological objects arise when the net variation of the local phase field h(x) on a given closed loop c does not vanish:
this, being a typical quantum topological effect, should be mostly detectable at very low temperatures. Although the long-range order in the superconductors, described by the complex scalar field /, is not affected by a small concentration of these topological defects, this is no longer true for larger defects. The net effect of the vortices is that of a weakening of the finite-range electromagnetic interaction between electrons with respect to the Cooper pair selfinteraction, with a lowering of the critical temperature:
Though the detection of different properties in the two superconducting phases may be quite involved, nevertheless the effect could be as large as 15% depending on k/4e 2 , so that the experimental search in peculiar materials should be highly stimulated.
Similar effects might be expected also in superfluid helium phenomena, where the Higgs mechanism envisaged above should apply as well, so that the experimental search for them may proceed in this framework too.
Moreover, being the present approach very general, we might think at a possible two-phases behavior also in broken gauge symmetries of fundamental forces of nature, so that the peculiar mechanism here envisaged might have implications in the Higgs phenomena occurring in the early Universe.
